
The re su l t s  of the ca lcula t ion of the functions ~n( r* )  in the f i r s t  approx imat ion  for P r -  1, 7.03, 50, and 
100 a r e  shown in Fig.  2. The weak dependence of the functions $2n(T*) on the PrandtI  number  is s een  f r 6 m  the 
f igure .  

NOTATION 

0, dimensionless temperature; a s (a~), coefficient of thermal diffusivity of plate (of onflowing gas); 
A s (~J, coefficient of thermal conductivity of plate (of onflowing gas); L(H), length (thickness) of plate; C, 
constant in Chapman-- Rubezin law. 
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The conjugate p rob l em  of convect ive heat exchange in a flat  channel is solved by the combined 
appl icat ion of the in tegra l  Laplace t r a n s f o r m a t i o n  and the Bubnov- -  Galerk in  method. 

Considerable  at tent ion has r ecen t ly  been  paid to p rob lems  of conjugate heat exchange [1]. 

Resul ts  of numer ica l  calculat ions of the conjugate p rob lem of s teady  heat exchange a r e  presented  in [2, 
3], while an exact  solut ion of the ve ry  gene ra l  p rob lem of conjugate heat exchange with boundary conditions of 
the f i r s t  kind at the su r face  of the pipe wall  is obtained analyt ical ly  in [4]. However ,  p rac t ica l  use of the so -  
lutions obtained is made difficult by the complicated and c u m b e r s o m e  functional dependences .  

The combined appl icat ion of the in tegra l  Laplace t r a n s f o r m a t i o n  and the Bubnov--  Galerk in  method [5] 
al lows one to obtain an approx imate  solution of the conjugate p rob lem which is sui table for d i r ec t  calculat ions.  

Let us make the following as sumpt ions :  the flow of the fluid and the p roces s  of heat exchange a re  s teady;  
the h e a t - t r a n s f e r  agent is v iscous  and incompress ib le ;  the mode of flow is l aminar ;  the t e m p e r a t u r e  of the 
h e a t - t r a n s f e r  agent is constant  in the ent rance  sec t ion  of the channel; the t e m p e r a t u r e  of the outer  su r face  of 
the channel walls is an a r b i t r a r y  function of the longitudinal coordinate;  the curva ture  of the t e m p e r a t u r e  d i s -  
t r ibu t ion  in the fluid in the longitudinal d i rec t ion  can be neglected in c o m p a r i s o n  with the curva tu re  iin the t r a n s -  
v e r s e  d i rec t ion  - -  this a s sumpt ion  is evaluated in [6]; the t e m p e r a t u r e  field is a x i s y m m e t r i c .  With al lowance 
for  these  assumpt ions  the energy  equation for  the fluid in d imens ion less  va r i ab l e s  has the f o r m  

(l__~a) ae,(~, x) = a~e,(~, x) ( o < ~ < 1 ,  o < x < ~ ) .  (1) 
2 a x  a~ ~ 

We a s s u m e  that  the channel wall  is made of an an iso t ropic  ma t e r i a l  (here the coordinate  s y s t e m  coincides with 
the pr incipal  coordinate  sys tem) ,  and then  the heat-conduct ion equat ion for  the wall  is wr i t ten  in the f o r m  
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TABLE 1. Roots  pj and Coefficients flj and Tjk 

1 --1,88279 
2 --22,3044 
3 --150,5t2 

1 i --1,854163 
2 i --22,15240 
3 i --140,16118 

1 ~ --1,82326 
2 I --21,98723 
3 ] --130,65960 

--1,60627 
--20,80665 
--91,04984 

--0,667084 
--15,99977 
--49,89362 

Ks=O,l.lO 4 
--0,001713 i --1,194579 
--0,000765 +0,218081 
--0,008401 --0,043503 

Ks=0,1.103 
--0,016922 i --1,t77969 
--0,007546 +0,224573 
--0,074629 i +0,024345 

Ks=0,5.102 
i --I,15989 

+0,23143 
+0,08317 

Ks=0,1.102 
--0,15024 --I,02971 
--0,06372 +0,27349 
--0,30986 +0,26515 

Ks=0,1.10 ~ 
--0,660217 --0,4280376 
--0,121429 +0,230754 
--0,135020 +0,1113456 

+0,486489 
--3,408139 
+2,921745 

+0,475693 
j --3,372003 

+2,896314 

--0,03391 ! +0,4642 
--0,01484 ~ --3,33096 
--0,13209 ; +2,86684 

+0,38569 
--2,99039 
+2,60470 

~0,148417 
+2,807211 
--7,078958 

--0,143859 
+2,770097 
--6,652123 

--0,13901 
+2,72848 
--6,25236 

--0,10719 
+2,39835 
--4,419t3 

+0,1153458 "I --0,0194166 
--1,O73961 I' +0,782492 
+0,958615 I --1,1374709 

a,e,(~,x) + N ~  a~e~(Lx) =0, 
O~ 2 Pe 2 OX* 

where  N = ( ; 'xx/hyy)  is the r a t i o  of t h e r m a l  conduct ivi t ies .  

If the condition X >> (/'N/Pe)~ is sa t i s f ied ,  then the second t e r m  in the la t ter  equation can be ne-  
glected and the heat -conduct ion equation is s impl i f ied:  

a,e,(~, x)  = o  (1<~<5). (2) 

Such cases  a r e  often encountered in engineer ing prac t ice ,  for  example ,  in calculat ing the t e m p e r a -  
t u r e  fields of the layered windings of t r a n s f o r m e r s  [7]. 

Fo r  a comple te  formula t ion  of the p rob l em we add the following boundary conditions to the d i f fe ren-  
t ia l  equations (i) and (2): 

o~(~, o) = o, (3) 

001(0, X) = O, (4) 
a~ 

01(1, X ) = 0 , ( 1 ,  X), (5) 

ael(~, x) . = K~. ae,(~, x)__ j (6) 
l I ' 

o2(~, x)  = f(x) .  (7) 

We apply the in tegra l  Laplace t r a n s f o r m a t i o n  with r e spec t  to the var iab le  X to the boundary p rob lem (1)-(7) 
and then  in the t r a n s f o r m  reg ion  we obtain 

d 01(~, p) (S) 3 1 ~2 b ~ ~- ~ ( - - ~ ) p  1(~, p ) -  
2 d~ 2 

d*O2 (~, P) = 0, (9) 
a~ 2 

d~(O,  p) = O, (10) 
d~ 

3 4 0  



TABLE 2. Coefficients Qj and Wj 

Ks=0 .1 .101  K , ~ 0 . 1 . 1 0  2 

i Oj wj 0 i tv i 

1 " --1,320433 - -0 ,990128 --3,00485 --0,93401 
2 --0,242859 - -0 ,029755 - - 1 , 2 7 4 2 2  --0,095314 
3 --0,270040 --}-0,020281 --6,19709 @0,04160 

K s = 0 , 1  . I0  ~ K s = 0 , 1 . 1 0  4 

i QI I wj qj w 1 
i 

1 

--3,23845 --0,9104138 
--1,50933 --0,1077325 
--14,9258 @0,896065 

--3,42603 
--1,53139 
--16,8029 

--0,907432 
--0,108861 
--0,810712 

__d~ 1 (1, p) = Kx dOe(l, p) -, (12) d~ d~ 

6 2 (6, p) = f-(p), (13) 

where ~(p) is an unknown function of the t empera tu re  of the sys tem when ~ = 1 in the t r a n s f o r m  region.  

The solution of the problem (9), (11), (13) presents  no difficulties and has the form 

f(P) - ~-(P). (~ - 1). (14) 02(~, P)=~(P)+ 6--1 

Now we can determine the t empera tu re  of the fluid using the Bubnov--  Gaterldn method. We r e p r e -  
sent the solution of Eq. (8) i n t h e  fo rm 

N 

~ (~, p) = ~(p) + ~ ~ (p) ~ (~) 

and for the approximation of the liquid t empera tu re  dis tr ibut ion with respec t  to r we use the complete s y s -  
t em  of l inearly independent functions 

% (~) = (! - - ~ )  Uk-1'. 

This choice of the coordinate functions makes it possible to r epresen t  the solution in a form con- 
venient for calculations and to satisfy the boundary conditions of the problem.  

Following integration, the condition of orthogonality of the d iscrepancy to the coordinate functions 
leads to a sys tem of N algebraic  equations in which the unknowns are  ~k(P): 

N 

aj(p) (Ah, ~ + pC~j) = p~s E~, 
i=i 

where the rat ional  numbers Akj, Ckj , and E k are  determined f rom the equations 
I 

& J =  f ~i: (~) ~ (~) d~, 

1 

3 .i(1--~2)%(~)~ C~ -- 2 
0 

(15) 

3 
Zk ---- --2-- (1 --  ~2) ~ (~) d~. 

0 

Having used the Cramer  rule to determine the coefficients ~k(P), we obtain the t empera tu re  d i s t r i -  
bution of the liquid in the t r a n s f o r m  region:  

N 

E & (P) % (.~), (16) -G~ (~, p) =- ~ ( p ) -  P~(P) -A(~ 
k = l  
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Fig.  1. Variat ion inO(X) along length of flat slot (solid curve: 
calculations by Eq. (22), points: resul ts  of [6]); 1) Ks = ~; 2) 
100; 3) 10; 4) 5; 5) 2; 6) 1. 

Fig. 2. Dependence of Nu on X for a flat slot (solid curve:  cal -  
eula t ionby Eq. (24), points: resul ts  of [5]): 1) Ks =50; 2) 10; 3) 
1000; 4) ~. 

where A(p) and hk(P) (k = 1, 2 . . . . .  N) are the principal and auxil iary determinants ,  respectively,  of the 
algebraic sys tem (15). 

Using the solutions (14) and (16), we determine the function ~(p) f rom the condition (12) of equality of 
the heat fluxes at the conjugation surface:  

~(p) = K~ N h(p) f(p). (17) 

K~A (p) + 2p Z Aj (p) 

Here Ks=KX/(5 -- 1) is the s imi lar i ty  cr i ter ion,  which we call the conjugation coefficient.  

By means of an integral  Laplace t ransformat ion,  with allowance for (14), (16), and (17), in the t r ans -  
form region we obtain the tempera ture  distr ibution in the form 

N N 

gl(~, p) = Y(p)- 2pf-(p) ,'= Aj(p) ~p~p) ~ s=, 

N 

Z 1 6 --  ~ (19) 02 (~, P) = -f(P) - -  2pf (p) As (P) r (p------)- 6 ~  ' 
i=1 

where 
N 

, (p) = K~A (p) + 2p ~ Aj (p). 
i = l  

The justification of the possibility of an inverse integral  Laplace t ransformat ion  in Eqs. (18) and 
(19) ra i ses  no difficulties (see [5], for example). In doing this we use the Borel  theorem [8] and expansion 

theorems [8], and then the solution of problem (1)-(7) is wri t ten in the form 

N X N 1 N 

01(~, X) = f(X)-~- Z [jj j" ]*(t) exp[pi(X--t )] dt + ~j (1 _~2) S )~* (t) exp [p~(X--t)] dt ~ y~k~ ~(k-~,, (20) 
1-~1 0 i=1 0 k=l 

N X 

6 - - t  Z [3j J" /* (t) exp [p~ (X --  t)] dr, (21) o, (~, x )  = f ( x )  + 8 - - - - ~ -  
j = l  0 

where 
N 

2 ~ A~ (pi) 
~ j  ~ k = l  

, '  (p~) 

- -  K,A k (P j) 
- 7  
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p] a r e  the r e a l  roo ts  of the equation r = 0; f* (X) is the inverse  of the function pf-(p) by a Laplace t r a n s -  
f o rm .  

To  faci l i ta te  the ca lcula t ions ,  the values  of the coefficients  flj and 7jk and the roots  pj for the case  
of N = 3 for  different  values  of the conjugation coefficient  Ks a re  presented  in Table  1. 

The solutions obtained were  tes ted  for a constant t e m p e r a t u r e  t w ~ t o of the outer su r face  of the wall.  

Using the solutions (20) and (21) we calculated the following: the d imens ion less  a v e r a g e - i n t e g r a l  
t e m p e r a t u r e  of the fluid 

1 

~) (X) = t(x) - -  t w = _ 3 j '  @, (X, ~) (1 - -  ~2) d~, (22) 
t o - -  t w 2 

0 

the t e m p e r a t u r e  of the inner su r face  of the wall  

and the local Nussel t  number  

Ox(X, 1) = 02(X, 1), (23) 

Nu (X) = 

N 

f v (p x) 

N 

~) (X) ~ IV k exp (pkX) 
(24) 

where  to faci l i ta te  the calculat ions the coeff icients  Qj and W k a re  presented  in Table  2 for different  values 
of the conjugation coefficient  Ks. 

The dependences O(X) and Nu(X) calculated f r o m  Eqs .  (22) and (24) a r e  presented  in Figs .  1 and 2, 
r e spec t ive ly ,  for d i f ferent  values  of the conjugation coefficient  Ks. 

In the l imit ing case  for  the value of the coefficient  K s,  as Ks - -  oo (the wall  th ickness  approaches  
zero) ,  the curves  of ~(X) and Nu(X) give good ag reemen t  with the calculated r e su l t s  of [5, 6]. 

An analys is  of the r e s u l t s  of the calculat ions shows that  va r ia t ion  in the th ickness  of the channel wall 
and in the ra t ios  of t h e r m a l  conductivi t ies of the wall  and the h e a t - t r a n s f e r  agent has a cons iderable  effect  
on the a v e r a g e - m a s s  t e m p e r a t u r e  and the local Nusselt  number .  Thus,  the l imiting value Nu~ of the Nus- 
se l t  number  calculated without al lowance for  heat conduction or the wall  th ickness  (Ks = oo) exceeds the 
l imit ing Nusselt  number  Nu~o with Ks = 0 .5 .10  2 by a lmos t  4%. 

This  d i s a g r e e m e n t  i n c r e a s e s  with a d e c r e a s e  in the c r i t e r ion  Ks. 

As s een  f r o m  the solutions obtained, with the assumpt ions  which were  made the condition of s i m i l a r -  
ity of s teady  p r o c e s s e s  of heat exchange in a fluid flowing in a flat  channel is the equali ty of the c r i t e r i a  

K~ = 7,~ Ri 

Calculat ions based on the solutions (21) and (24) and the data of F igs .  1 and 2 allow one to se lec t  the 
opt imum thickness  of the wall  and ma te r i a l  for  its fabr ica t ion .  

We have a lso  solved the p rob lem of conjugate heat exchange with al lowance for f r ic t ional  heal by the 
method sugges ted .  

N O T A T I O N  

}, X, t r a n s v e r s e  and longitudinal d imens ion less  coordinates ;  | X), | X) ,  d imens ion less  
t e m p e r a t u r e s  of fluid and of solid wall;  f(X), t e m p e r a t u r e  at outer su r face  of wall; 2R1, width of channel; 
2 R 2 ,  dis tance between outer  su r f aces  of channel walls;  K~ = X2/X1, ra t io  of t h e r m a l  conduct ivi t ies  of wall  
ma t e r i a l  and h e a t - t r a n s f e r  agent; O1, O2, cor responding  functions in the reg ion  of Laplace t r a n s f o r m s ;  
Akj, Ckj, Ek, 'ilk, Y]k, constants ;  Ks = K,~[R1/(R2 --  Rl)], c r i t e r i o n  of conjugate heat exchange.  

l o  

2. 
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E F F E C T  O F  T U R B U L E N C E  

ON T H E  T R A N S I T I O N  F O R  

S E L F - S I M I L A R  F L O W S  

Y u .  P .  S a v e l ' e v  

OF  T H E  O U T E R  S T R E A M  

S O M E  C L A S S E S  OF 

UDC 533.011.5 

It is shown that  in the p re sence  of v e r y  low levels  of pulsations at the outer  l imit  of the laminar  
boundary layer  the energy  of neutra l  osci l lat ions within the layer  i t se l f  r eaches  ve ry  high va lues .  
This p r e d e t e r m i n e s  the t r ans i t ion  to  turbulent  flow. 

1 .  P r i m a r y  M o t i o n  a n d  E q u a t i o n  of  t h e  O s c i l l a t i o n s  

For  the study of the s tabi l i ty  of l aminar  flow, as is usual ly done in mechanics  in the theory  of s tabi l i ty ,  
we will examine the p r i m a r y  motion on which the per turbed motion, caused by the p re sence  of d is turbances  
in the fo rm of a degree  of turbulence  E 0 of the outer s t r e a m ,  is supe r imposed .  In the genera l  case  one can 
a s s u m e  that the per turbed  motion affects  the p r i m a r y  motion.  The equations of the plane motion of a viscous 
i ncompres s ib l e  fluid, wr i t t en  through the s t r e a m  function $(x, y, t) ,  have the f o r m  [1] 

(Ar -- O~ 0 (Ar --}- (~  0 (A~p) ---- vAA~p. (I) 
at ox Oy oy ox 

The s t r e a m  function ~ (x, y, t) d e s c r i b e s  the instantaneous s ta te  of the liquid or gas .  We designate the p r i -  
m a r y  motion through ~(x, y), while the s t r e a m  function ~,' (x, y, t) will desc r ibe  the per turbed motion.  Then 
-~ = ~ + ~', where  the s t r e a m  function $' can be de te rmined  f r o m  the equation 

(A~P')t -i- Wu (A~P')x d- r (AV)x - -  Wx (A~?') u - -  ~P'x (AV)u = vAA~I/. (2) 

Considering the motion in the boundary layer ,  by substi tut ing r = �9 + ~' into Eq. (1) and ca r ry ing  out the a v e r -  
aging (in the ergodic  sense)  of the equation obtained we a r r i v e  at the ave rage  equation of the p r i m a r y  motion in 
the f o r m  [2] 

uu~ + ~,u~ + u'~ = + ~-v" = U~Ue~ + ~U~, (3) 

where  
u = ~ ;  v----vx; u'=,~; v'=--~;:. 

The last  two t e r m s  on the  left side of (3) cha rac t e r i ze  the effect  of the per turbed motion on the p r i m a r y  motion. 

Henceforth,  solutions for  s y s t e m  (3) like those  which follow flow of the Folkner  - -  Skan type,  i . e . ,  Ue = 
cx m,  where  the index e per ta ins  to  the outer  nonviscous s t r e a m ,  will be examined as solutions of the equations 
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